1.5 Differentiability

For more than one variables, there are two types of derivatives: directional and partial.

1.5.1 Successive Differentiation

. 2 3 4, 5 G
» Let y = 2°. So, X =524, TU = 2023, T4 = 602, £Y = 1202, £Y =120, L4 = 0.

b Lety=2"= g;—gzn!.
» Let y=e" = g;—f =a"e.

_ 1 diy _ _(Z1)nn!
PLet-y—x+a=>am—n—(:r+—m|:r.

. T .
» Let y =sinaxr = %r—?f = a" sin(4&F + ax).

» Let y=a" = %ﬁ{- =a”*(Ina)™.

. 1 1 1 d*y _ (—1)"n! (—1)"n!
>lty = sz T T - e

Theorem 1.1. Leibnitz’s Theorem:

d"(uwv)  d"u - (n) d"u dv (n) d"2u d*v . ( n )du d" vy d"v

dz" dz" 1) dz" T dx 2 ) dz"—2 dx? n—1)dzds™ 1 L':da:n
d"™(uv) n n n
or, W = UpV + 1 Up—1V1 + 2 Up—2V2 + -+ + n—1 UVp—1 + UVp

[Do It Yourself] 1.11. If y = ze®® then show that y, = a™ '€ (az + n).

[Do It Yourself] 1.12. Find y™ for i) y = (az + b)™, m > n; ii) y = In(az +
b); iii) y = sin(ax +b); iv) y = cos(ax +b); v) y = sin®z; vi) y = sin 2z cos 4x; vii) y =

2 . .
=g Vi) Y = iy i2) y = e sin(ba + o).
[Ans : i) Tmn—_“ilﬁa“(aur-l—b)m_”; iv) a" cos(az+b+3F); iz) €*®(a®+b?)"/?sin(br +c+ntan~! 2)]
1.5.2 Directional and Partial Derivative

fla+ peos(a),b + psin(a)) — f(a,b)
P

, is called the directional derivative

WD, f(a,b)=lim
p—0

of f(z,y) at (a,b) in the direction a.
f(a+p1b) _ f(afub)

>Ifa=0, D,f(a,b) = ]in%]I = fz(a,b).
p—+ p
b+ p) — fla,b
> 1f a = Z, Daf(a,b) = lim fla,btp) - fla,b) _ fy(a,b).
—_ p—0 P



B Partial derivative of f(z,y) w.r.t z is defined as: f.(z,y) = f, = ﬁ = lim f(z+hy - f(z, y)‘
dx h—0 h

> Partial derivative of f(x,y) with respect to z at (a, b) is fr(a,b) = Illim flath,b) - f(a,b)
—0

h
Sy +K) — fy)

> Partial derivative of f(z,y) w.r.t yis defined as: f,(z,y) = f, = ﬂ = lim

dy k—0 k
b+ k) — fla,b
> Partial derivative of f(z,y) with respect to y at (a,b) is fy(a,b) = iin}) flab+ ; f(a )
—
Example 1.7. Show that
T .
ro = [ @) £ 00)
0 if (z,y) = (0,0)
has partial derivative at (0,0) but not directional derivative in any arbitrary direction.
.. f(0+h,0)—f(0,00 . 0
= Here fm(0,0)—%l_l}I(B | h( | _hli%ﬁ_o'
. f(0,04+ k) — (0,0 .0
Also f,(0,0) = il_n}% 2 = z]fSEE = 0.
J Let us take any arbitrary direction making an angle o with x — axis.
Now, D, £(0,0) = lim f(0+ pecos(a),0 + psin(a)) — f(0,0) _ qyy Snacosa
p—0 P p—0 P

Therefore, Do f(0,0) does not erist.

Example 1.8. Show that

z,y) = 'ﬁ%{ if (z,y) # (0,0)
e {0 if (z,y) = (0,0)

has directional derivative in any arbitrary direction at (0,0).
= Let us take any arbitrary direction making an angle o with r — axis.

f(0+ peos(a),0 + psin(e)) — £(0,0) _ cos® o

Now, D, f(0,0) = lim ——.
p—0 ( ) ) Pf([] U) 0 SI11 (x
. ERT f O + 110 - 3 T .
I a =0, Daj(0,0) = lim, R =y =0

Therefore, D, f(0,0) exist in every direction.



[Do It Yourself] 1.13. If

$25111%+y25i11% ife£0, y#£0

2 .1 .

r“sin — ifx#0, y=
fly) =9 5. 1 .

y“sin g ifr=0,y#0

0 ifr=0, y=0

then find f2(0,y). fy(=,0).
I:H?;nt L fa(0,y) = iu_]}% f(z,y) ; F(0,y)

= lim zsin— = 0].
r—0 T

Example 1.9. If
B z?tan™! £ — y? tan~! % if (z,y) # (0,0)
Jew) = {0 if () = (0,0)

Show that fzy(0,0) # fy2(0,0).
fy(h{]) - fy(ou O)
- )

= fay(0,0) = lim

1 1
Now fy(h, O) — lim f( L, ) f( ’ ) — h2 lim an T 0= h_z lim T _n
k—0 k k—0 k—s0 1

fy(0,0) = Emb f(0. k) ; /(0,0 =0. So fry(0,0) = 1.

Similarly, we can show that fy.(0,0) = —1. It implies fry(0,0) # fy=(0,0).

[Do It Yourself] 1.14. Let

. 1 .
flay) = {\/x2+y2 Sm(ﬁ) if (z,y) # (0,0)
’ if (x,y) = (0,0)
Then at the point (0,0)

(A) f is continuous and f,, f, exist. (B) f is continuous and f,, f, do not exist.
(C) f is not continuous and fr, fy exist. (D) f is not continuous and fx, fy do not exist.

[Hint : Fasy]



1.5.4 Total Differentiation

B f(x,y,z) is a function of 3 variables = |df = %d&? + %dy + -gédz .
| fxy - B%(fy)
W frz(a,b) = lim

fz(a+ h,b) — fz(a,b)

R
B fry(a.b) = lim fyla + h,b})l — fy(a,b)

1.6 Application of Derivatives

Derivatives can be applied in various fields such as finding maxima-minima, limit, tangent-
normal, radius of curvature, graph plotting ete. Here we will study its usage on finding

limit of a real-valued function (one variable) and on maxima-minima problem.

1.6.1 Indeterminate Form

, exists if both limit exists and

g 9@ 1 1 g(z) iig};g(ﬂ:)

uppose f(z) = n(zy: then lim f(:z,) = lim ) == )
Ir—ra

]im h(xz) # 0. Now if ]im g(xz) = 0 and hm h(xz) = 0, then lim f(z)isa = mdetermmate

form There are various 111deter111111ate forms like 22, 0o — o0, O x 00, 07, ¢ 0, 1= and the

limiting values can be obtain through L' H ospztal"s Rule.

Theorem 1.4. L' Hospital's Rule (5): If f.g be two real valued functions such that

1. f™ g™ erists in N'(a,d) and g™ # 0.

2. lim f(z) = lim f'(z) = --- = lim f™ Y(z) =0 and
r—a T—a T—a _
lim g(z) = lim ¢'(z) = - -- = lim g™ Y (2) = 0.
r—a r—a Ir—a

(n)

3. lim f7(2) exists and equal to [.

r—a g(n)(x)
Then lim f(@) =1

r—ra g(;{:)



Example 1.15. Find hm 5;11(:1,)
r—0 tan {:1,)
= Here the limit is of the form (D), so we will use L’ Hospital Rule.
x —sin(z) /0 1 — cos(z) 0
n ——s—— (6 form) = lim ) (6 for-m)

230 tan?(z) z—0 3 tan?(x) sec?(z

= lim sin(z) (E fo'.r'm)
z—0 6 tan(z) sec?(x) 4+ 6 tan3(z) sec?(z) \0

= lim cos() = l
2—0 6sect(z) + 42tan?(x) sect(z) + 12tan?(x) sec?(z) 6

r - .
[Do It Yourself] 1.18. Find lim e’ +sin(z) — 1, lim < —¢ 2log(1 —HL).

=0 log(l+xz) ~ 2—0 zsin(xz)

=1.

Example 1.16. Find a,b such that lim asin(2z) ; bsin(z)
z—0 T

= Here the limit is of the form (Q); so we will use L’ Hospital Rule.
2r) — )
lim asin(2z) — bsin(z) (0 fo:r'm) i 2a cos(2x) — beos(z) (g form if 2a—b= O)

r—0 x3 r—0 32
— lim —4asin(2x) + bsin(x) ( focr'm) — lim —8a cos(2z) + beos(z) o
2—0 G 0 x—0 6 .
Therefore, a = —1,b = —2.
x _p . —x
[Do It Yourself] 1.19. Find a,b,c such that lim - cos(z) + ce = 2.

2—0 zsin(z)

. o
Indeterminate Form —

o
Example 1.17. Find lim log,2(,) tan?(2z).
r—0 5 ) )
log tan*(2z t
= The given limit is lim log, 2, tan?(2z) = lim w lim M
z—0 z—0 log tan®(z) :r—}D log tan(z)
Here the limit is of the form (£), so we will use L’ Hospital Rule.
2sec?(2
log tan(2z) /oo _ f:ﬁ(é.;f} . 2sec?(2x) tan(zx) . 2sin(x) cos(z)
So, lim —————= (— form) = lim = =1 = —_—
z—0 log tan(z) \oo a0 s (z) z—0 sec?(z)tan(2z)  2—0 sin(2z) cos(2x)
anir

2 2
— lim sin(2xz) (_ fo:r'm) ~ lim 4cos(2x)
20 sin(4z) \0 720 4cos(4x)

[Do It Yourself] 1.20. Show that lim log 2 (y) z?=—1.
r—0



Indeterminate Forms: oo — 00,0 x o0, DD, o, 1=

Note that, any above form can be reduced to either (%) or, (%) and then solve.

[Do It Yourself] 1.21. Find the following limits
(A) iig})mlog sin®(z) & 0 x 0o form, reduce (00/00), bi/rsmﬂ [Ans : 0].

(B) lim (1 —sin(z))tan(z) & [Ans : 0].

T—m/2

1
(C) lim

m—>0(51n2(3) 2 sin®(zx)

) & cc — oo form, reduce (0/0), IQ;S";E [Ans : 1/3].

(D) hm(i — cot(z ) & [Ans : 0].

asin(z) — bz + cx? + 2°

[Do It Yourself] 1.22. Find a,b,c such that 11102552 Tog(1 + 2) — 223 +

Hence find the limat.

s finite.

[Do It Yourself] 1.23. Let f : R — R be a differentiable function such that f' is
continuous on R with f'(3) = 18. Define gn(z) = n[f(z + %) — flz — %)] Then find
lim ¢,(3). [Hint: put u= %]

n—00

2\ n?
[Do It Yourself] 1.24. The value of lim (1 + —) e 2" s
_ n—00 n
(A)e=2 (B)e™! (C)e (D) e?
n2
[Hint : L :(1+%) e = In(L) = ?1.2]11(14—%)—2-?1 = lim In(L) = lim n?In(1+ 2) —2n

In(1+ 2z) — 2=
2

2
= lim In(L) = lim i]11(1 +22)— — = En( lim L) = lim
T

n—00 r—0 ,,fr; n—0oo r—0 x



[Do It Yourself] 1.25. For a suitable o > 0, ]i].’l(l)(
i i}

—0\e2r — 1
finite limit 1. Then
(A)a=2,1=2. (B)la=2,1=-1/2. (C)a=1/2,1=-2. (D)a=1/2, 1=1/2.

— —) erists and equal to a
f%s

[Do It Yourself] 1.26. Let f : R — R be differentiable function with I]le}o f(z) = o0 and

lim f'(x) = 2. Then find the value of lim (1 + f(?:))x
T—500 €T

[M: lim (1 + %ﬂ'))x — Eap| f(m)]}

lim
H iy do %] E—r

[Do It Yourself] 1.27. Find lim [iﬁ R }
z—0Llx rtanax

[Do It Yourself] 1.28. Find lim [n - E(1 - l)ﬂ]

=00 e mn

(Hint : put % = z



